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NORMAL FAMILY OF MEROMORPHIC MAPPINGS AND BIG
PICARD’S THEOREM
NGUYEN VAN THIN 1,2 AND WEI CHEN 3
Abstract. In this paper, we prove some results in normal family of mero-
morphic mappings intersecting with moving hypersurfaces in weakly general
position for Veronese embedding and weakly general position. As some ap-
plications, we establish some results for normal mapping and extension of
holomorphic mappings. A part of our results are extend the results due to
Tu-Li [17, 18].
1. Introduction and main results
One of the most important developments in complex analysis in the 20th cen-
tury is the so-called Nevanlinna theory dealing with the value distribution of
entire and meromorphic functions. In 1933, H. Cartan [2] generalized the Nevan-
linna’s result to holomorphic curve in projective space which is now called the
Nevanlinna-Cartan theory. Since that time, this problem has been studied in-
tensively by many authors. Nevanlinna-Cartan theory has found various applica-
tions in complex analysis and geometry complex such as uniqueness set theory,
normal family theory, extension of holomorphic mapping and the property hy-
perbolic of algebraic variety. In this work, we continue to study the application
of Nevanlinna-Cartan theory in normal family, normal mapping and extension of
holomorphic mappings.
Let F be a family of meromorphic functions defined on a domain D in the
complex plane C. F is said to be normal on D if every sequence functions of F
has a subsequence which converges uniformly on every compact subset of D with
respect to the spherical metric to a meromorphic function or identically ∞ on D.
Perhaps the most celebrated criteria for normality in one complex variable is the
following Montel-type theorems related to Picard’s theorem of value distribution
theory.
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2Theorem 1. [11] Let F be a family of meromorphic functions on a domain D
in the complex plane C. Suppose that there exist three distinct points w1, w2 and
w3 on the Riemann sphere such that f(z)− wi (i = 1, 2, 3) has no zero on D for
each f ∈ F. Then F is a normal family on D.
Theorem 2. [12] Let F be a family of meromorphic functions on a domain D of
the complex plane C. Suppose that there exist distinct points w1, w2, . . . , wq (q ≥ 3)
on the Riemann sphere such that f(z) − wi has no zero with multiplicities less
than mi (i = 1, 2, . . . , q) on D for each f ∈ F, where mi (i = 1, 2, . . . , q) are q
fixed positive integers and may be ∞, with
∑q
j=1
1
mj
< q−2. Then F is a normal
family on D.
In the case of higher dimension, the notion of normal family has proved its im-
portance in geometric function theory of several complex variables. Fujimoto [4],
Green [7] and Nochka [8] established some Picard-type theorems of value distribu-
tion theory for holomorphic mappings from Cm to Pn(C), related to intersection
multiplicity of value distribution theory. By starting from Green’s and Nochka’s
Picard-type theorems and using the heuristic principle obtained by Aladro and
Krantz [1], Tu [15] extended Theorem 1 and Theorem 2 to the case of families of
holomorphic mappings of a domain D in Cm.
Let A be a nonempty open subset of a domain D in Cm such that S = D \ A
is an analytic set in D. Let f : A → Pn(C) be a holomorphic mapping. Let
U be a nonempty connected open subset of D. A holomorphic mapping f˜ from
U into Cm+1 is said to be a representation of f on U if f(z) = ρ(f˜(z)) for all
z ∈ U ∩ A − f˜−1(0), where ρ : Cm+1 → Pn(C) is the canonical projection. A
holomorphic mapping f : A → Pn(C) is said to be a meromorphic mapping
from D into Pn(C) if for each z ∈ D, there exists a representation of f on some
neighborhood of z in D.
Let f be a meromorphic mapping of a domain D in Cm into Pn(C). Then for
any a ∈ D, f always has an reduced representation f˜(z) = (f0(z), . . . , fn(z))
on some neighborhood U of a in D, which means that each fi is a holomorphic
function on U and that f(z) = (f0(z) : f1(z) : · · · : fn(z)) outside the analytic
set I(f) := {z ∈ U : f0(z) = f1(z) = · · · = fn(z) = 0} of codimension at least 2.
Obviously a meromorphic mapping from D into Pn(C) is a holomorphic mapping
from D into Pn(C) if and only if I(f) = ∅.
Definition 3. [1] Let D be a domain in Cm. Let F be a family of holomorphic
mappings from D to a compact complex manifoldM . This family F is said to be a
3(holomorphically) normal family on D if any sequence in F contains a subsequence
which converges uniformly on compact subsets of D to a holomorphic mapping
from D into M.
Definition 4. [5] A sequence {fp} of meromorphic mappings from D to P
n(C) is
said to converge meromorphically on D to a meromorphic mapping f if and only
if, for any z ∈ D, each fp has an reduced representation f˜p = (f0,p, f1,p, . . . , fn,p)
on some fixed neighborhood U of z in D such that {fi,p}
∞
p=1 converges uniformly
on compact subsets of U to a holomorphic function fi (0 ≤ i ≤ n) on U with the
property that f = (f0 : f1 : · · · : fn) is a representation of f on U.
Definition 5. [5] Let F be a family of meromorphic mappings of D into Pn(C).
One may call F a meromorphically normal family on D if any sequence in F has
a meromorphically convergent subsequence on D.
Definition 6. [5] A sequence {fp} of meromorphic mappings from D into P
n(C)
is said to be quasi-regular on D if and only if for any z ∈ D has a neighborhood
U with property that {fp} converges compactly on U outside a nowhere dense
analytic subset S of U, i.e., for any domain G ⊂ U \ S such that closure G of G
in U \S is a compact subset of U, there is some p0 such that I(fp)∩G = ∅ for all
p ≥ p0 and {fp|G}p≥p0 converges uniformly on G to a holomorphic mapping of G
into Pn(C).
Definition 7. [5] Let F be a family of meromorphic mappings of D into Pn(C).
F is said to be quasi-normal family on D if any sequence in F has a subsequence
so as to be quasi-regular on D.
For the detailed discussion about quasi-normal family, see Fujimoto [5].
In 2005, Tu and Li extended the result of Tu [15] for moving target and obtained
the result as follows:
Theorem 8. [17] Let F be a family of holomorphic mappings of a domain D in
C
m into Pn(C) and let H1, . . . ,Hq be q (q ≥ 2n+1) moving hyperplanes in P
n(C)
located in pointwise general position such that each f in F intersects Hj on D
with multiplicity at least mj (j = 1, . . . , q), where m1, . . . ,mq are fixed positive
integers and may be ∞, with
∑q
j=1
1
mj
<
q − n− 1
n
. Then F is a normal family
on D.
In 2006, Tu and Li proved some results as follows for normal mapping and
Big’s Picard Theorem:
4Theorem 9. [18] Let S be an analytic subset of a domain D in Cm with dimC S ≤
m− 2. Let f be a holomorphic mapping from D − S into Pn(C). Let H1, . . . ,Hq
be q (≥ 2n+1) moving hyperplanes in Pn(C) located in pointwise general position
such that f intersects Hj on D − S with multiplicity at least mj (j = 1, . . . , q),
where m1, . . . ,mq are positive integers and may be∞, with
∑q
j=1
1
mj
<
q − n− 1
n
.
Then the holomorphic mapping f from D−S into Pn(C) extends to a holomorphic
mapping from D into Pn(C).
Theorem 10. [18] Let S be an analytic subset of a domain D in Cm with codi-
mension one, whose singularities are normal crossings. Let f be a holomorphic
mapping from D − S into Pn(C). Let H1, . . . ,Hq be q (≥ 2n + 1) moving hyper-
planes in Pn(C) located in pointwise general position such that f intersects Hj
on D − S with multiplicity at least mj (j = 1, . . . , q), where m1, . . . ,mq are pos-
itive integers and may be ∞, with
∑q
j=1
1
mj
<
q − n− 1
n
. Then the holomorphic
mapping f from D−S into Pn(C) extends to a holomorphic mapping from D into
P
n(C).
In 2015, Dethloff-Thai-Trang [3] generalized the result of Tu-Li [17] for mero-
morphic mapping intersecting a class hypersurfaces in weak general position. De-
tail, they consider the class hypersurfaces with contruction as follows: Denote by
HD the ring of all holomorphic functions on D, and denote by HD[x0, . . . , xn] the
set of all homogeneous polynomials Q ∈ HD[x0, . . . , xn] such that the coefficients
ofQ are not all identically zero. Denote byQ(z) the homogeneous polynomial over
C[x0, . . . , xn] obtained by evaluating the coefficients of Q in a specific point z ∈ D.
We remark that for generic z ∈ D this is a nonzero homogeneous polynomial with
coefficients in C. The hypersurface D given by D(z) := {x ∈ Cn+1 : Q(z)(x) = 0}
(for generic z ∈ D) is called a moving hypersurface in Pn(C), which is defined by
Q.
Let P0, . . . , Pn be n+1 moving homogeneous polynomials of common degree in
HD[x0, . . . , xn]. Denote by S({Pi}
n
i=0) the set of all homogeneous not identically
zero polynomials Q =
∑n
i=0 biPi, bi ∈ HD. Let T0, . . . , Tn be moving hypersur-
faces in Pn(C) with common degree, where Ti is defined by the (not identically
zero) polynomial Pi (0 ≤ i ≤ N). Denote by
∼
S({Ti}
n
i=0) the set of all moving
hypersurfaces in Pn(C) which are defined by Q ∈ S({Pi}
n
i=0).
Let {Qj =
∑n
i=0 bijPi}
q
j=1 be q (q ≥ n + 1) homogeneous polynomials in
S({Pi}
n
i=0). We say that {Qj}
q
j=1 are located pointwise in general position in
5S({Pi}
n
i=0) if
det(bijk)0≤k,i≤n 6= 0
for all 1 ≤ j0 < · · · < jn ≤ q and all z ∈ D.
For homogeneous coordinate x = (x0 : · · · : xn) in P
n(C), we denote x =
(x0, . . . , xn). Before state the results of Dethloff-Thai-Trang, we need some defi-
nitions as follows:
Definition 11. Let Dj be moving hypersurfaces in P
n(C) of degree dj which is
defined by polynomial homogeneous Qj ∈ HD[x0, . . . , xn], j = 1, . . . , q. We say
that moving hypersurfaces {Dj}
q
j=1 (q ≥ n+ 1) in P
n(C) are located in (weakly)
general position if there exists z ∈ D such that, for any 1 ≤ j0 < · · · < jn ≤ q,
the system of equations {
Qji(z)(x0, . . . , xn) = 0
0 ≤ j ≤ n
has only the trivial solution x = (0, . . . , 0) in Cn+1.
This is equivalent to
D(Q1, . . . , Qq)(z) =
∏
1≤j0<···<jn≤q
inf
||x||=1
(|Qj0(z)(x)|
2 + · · ·+ |Qjn(z)(x)|
2) > 0,
where x = (x0, . . . , xn), Qj(z)(x) =
∑
|I|=dj
ajI(z)x
I and ||x|| = (
∑n
j=0 |xj |
2)1/2.
Let f be a meromorphic mapping from a domain D in Cm into Pn(C).We denote
Df by the hypersurface in P
n(C) depending on f, and Qf by the homogeneous
polynomial depending on f, where Qf is homogeneous polynomial defining by
Df . With that notation, Dethloff-Thai-Trang proved the results as follows:
Theorem 12. [3] Let F be a family of holomorphic mappings of a domain D in
C
m into Pn(C). Let q ≥ 2n + 1 be a positive integer. Let m1, . . . ,mq be positive
integers or ∞ such that
q∑
j=1
1
mj
<
q − n− 1
n
.
Suppose that for each f ∈ F, there exist n+1 moving hypersurfaces T0,f , . . . , Tn,f
in Pn(C) of common degree and that there exist q moving hypersurfaces D1,f ,
. . . ,Dq,f in
∼
S({Ti,f}
n
i=0) such that the following conditions are satisfied:
(i) For each 0 ≤ i ≤ n, the coefficients of the homogeneous polynomials Pi,f
which define the Ti,f are bounded above uniformly for all f in F on compact
subsets of D for all 1 ≤ j ≤ q, the coefficients bij(f) of the linear combinations of
the Pi,f , i = 0, . . . , n, which define the homogeneous polynomials Qj,f are bounded
6above uniformly for all f in F on compact subsets of D, where Qj,f ∈ S({Pi,f}
n
i=0)
is a homogeneous polynomial defined the Dj,f , and for any fixed z ∈ D,
inf
f∈F
D(Q1,f , . . . , Qq,f )(z) > 0.
(ii) Assume that f intersects Dj,f with multiplicity at least mj for each 1 ≤ j ≤ q,
for all f ∈ F.
Then F is a holomorphically normal family on D.
Theorem 13. [3] Let F be a family of meromorphic mappings of a domain D of
C
m into Pn(C). Let q ≥ 2n+1 be a positive integer. Suppose that for each f ∈ F,
there exist n+ 1 moving hypersurfaces T0,f , . . . , Tn,f in P
n(C) of common degree
and that there exist q moving hypersurfaces D1,f , . . . ,Dq,f in
∼
S({Ti,f}
n
i=0) such
that the following conditions are satisfied:
(i) For each 0 ≤ i ≤ n, the coefficients of the homogeneous polynomials Pi,f
which define the Ti,f are bounded above uniformly for all f in F on compact
subsets of D for all 1 ≤ j ≤ q, the coefficients bij(f) of the linear combinations of
the Pi,f , i = 0, . . . , n, which define the homogeneous polynomials Qj,f are bounded
above uniformly for all f in F on compact subsets of D, where Qj,f ∈ S({Pi,f}
n
i=0)
is a homogeneous polynomial defined the Dj,f , and for any {fp} ⊂ F, there exists
z ∈ D (which may depend on sequence) such that
inf
p∈N
D(Q1,fp , . . . , Qq,fp)(z) > 0.
(ii) For any fixed compact K of D, the 2(m − 1)-dimensional Lebesgue areas of
f−1(Dk,f ) ∩K (1 ≤ k ≤ n + 1) counting multiplicities are bounded above for all
f ∈ F (in particular, f(D) 6⊂ Dk,f (1 ≤ k ≤ n+ 1)).
(iii) There exists a closed subset S of D with Λ2m−1(S) = 0 such that for any
fixed compact subset K of D− S, the 2(m− 1)-dimensional Lebesgue areas of
{z ∈ suppνQk,f(f˜) : νQk,f (f˜)(z) < mk} ∩K (n+ 2 ≤ k ≤ q)
ignoring multiplicities for all f ∈ F are bounded above, where {mk}
q
k=n+2 are
fixed positive integers or ∞ with
q∑
k=n+2
1
mk
<
q − n− 1
n
.
Then F is a meromorphically normal family on D.
7Let D be a hypersurface of degree d in Pn(C), which is defined by a homoge-
neous polynomial Q of degree d. Then we can write
Q(x) = Q(x0, . . . , xn) =
nd∑
k=0
akx
ik0
0 . . . x
ikn
n ,
where ik0 + · · · + ikn = d for k = 0, . . . , nd and nd =
(
n+d
n
)
− 1. We denote by
a = (a0, . . . , and) the vector associated withD (or with Q). Let D = {D1, . . . ,Dq}
be a collection of arbitrary hypersurfaces and Qj be the homogeneous polynomial
in C[x0, . . . , xn] of degree dj defining Dj for j = 1, . . . , q. Let mD be the least
common multiple of the dj for j = 1, . . . , q and denote
nD =
(
n+mD
n
)
− 1.
For j = 1, . . . , q, we set Q∗j = Q
mD/dj
j and let a
∗
j be the vector associated with
Q∗j .
We recall the lexicographic ordering on the (n+ 1)-tuples of natural numbers:
let J = (j0, . . . , jn), I = (i0, . . . , in) ∈ N
n+1, J < I if and only if for some
b ∈ {0, . . . , n} we have jl = il for l < b and jb < ib. With the (n + 1)-tuples
I = (i0, . . . , in) of non-negative integers, we denote |I| :=
∑
j ij .
Let (x0 : · · · : xn) be a homogeneous coordinates in P
n(C) and let {I0, . . . , InD}
be a set of (n + 1)-tuples such that |Ij | = mD, j = 0, . . . , nD, and Ii < Ij for
i < j ∈ {0, . . . , nD}. We denote x = (x0, . . . , xn) ∈ C
n+1, and write xI as
xi00 . . . x
in
n where I = (i0, . . . , in) ∈ {I0, . . . , InD}. Then we may order the set of
monomials of degree mD as {x
I0 , . . . ,xInD }.
Denote
̺mD : P
n(C)→ PnD(C)
be the Veronese embedding of degree mD. Let (w0 : · · · : wnD) be the homogeneous
coordinates in PnD(C). Then ̺mD is given by
̺mD(x) = (w0(x) : · · · : wnD(x)), where wj(x) = x
Ij , j = 0, . . . , nD.
For any hypersurface Dj ∈ {D1, . . . ,Dq} and aj = (aj0, . . . , ajnD) be the vector
associated with Q∗j , we set
Lj = Q
∗
j = aj0w0 + · · ·+ ajnDwnD .
Then Lj is a linear form in P
nD(C). Let H∗j be a hyperplane in P
nD(C), which is
defined by Lj, we say that the hyperplane H
∗
j associated with Q
∗
j (or Dj). Hence
for the collection of hypersurfaces {D1, . . . ,Dq} in P
n(C), we have the collection
H∗ = {H∗1 , . . . ,H
∗
q } of associate hyperplanes in P
nD(C).
8Let q > nD be a positive integer. We say that collection D is in general position
for Veronese embedding in Pn(C) if {H∗1 , . . . ,H
∗
q } is in general position in P
nD(C).
Hence, the collection D is in general position for Veronese embedding if for any
distinct i0, . . . , inD ∈ {1, . . . , q}, the vectors a
∗
i0
, . . . ,a∗inD
have rank nD. It is seen
that, for hyperplanes, general position for Veronese embedding is equivalent to
the usual concept of hyperplanes in general position usual. For hypersurfaces,
general position for Veronese embedding implies nD-subgeneral position.
Let D = {D1, . . . ,Dq} be a collection of arbitrary moving hypersurfaces and
Qj be the homogeneous polynomial in HD[x0, . . . , xn] of degree dj defining Dj for
j = 1, . . . , q. Let mD be the least common multiple of the dj for j = 1, . . . , q and
denote
nD =
(
n+mD
n
)
− 1.
For j = 1, . . . , q, we set Q∗j = Q
mD/dj
j and let a
∗
j be the function vector associated
with Q∗j . We set
Lj = Q
∗
j = aj0w0 + · · ·+ ajnDwnD .
Then Lj is a moving linear form in P
nD(C). Let H∗j be a moving hyperplane in
P
nD(C), which is defined by Lj (or Q
∗
j), we say that the hyperplaneH
∗
j associated
with Q∗j (or Dj). Hence for the collection of moving hypersurfaces {D1, . . . ,Dq} in
P
n(C), we have the collection H∗ = {H∗1 , . . . ,H
∗
q } of associate moving hyperplanes
in PnD(C).
Definition 14. Let {Dj}
q
j=1 be moving hypersurfaces in P
n(C) which is defined
by homogeneous Qj ∈ HD[x0, . . . , xn] of degree dj (q ≥ nD + 1), j = 1, . . . , q. We
say that moving hypersurfaces {Dj}
q
j=1 are located in (weakly) general position
for Veronese embedding in Pn(C) if there exists z ∈ D such that, the collec-
tion H∗(z) = {H∗1 (z), . . . ,H
∗
q (z)} of associate hyperplanes in P
nD(C) at z are in
general position in PnD(C).
Remark 15. We see that hypersurfaces {Dj}
q
j=1 are located in (weakly) general
position for Veronese embedding if there exists z ∈ D such that
D(Q∗1, . . . , Q
∗
q)(z) > 0
in PnD(C).
Now, we extend the results of Tu-Li [17, 18] as follows:
Theorem 16. Let F be a family of holomorphic mappings of a domain D in Cm
into Pn(C). Let q ≥ 2nD + 1 be a positive integer. Let m1, . . . ,mq be positive
9integers or ∞ such that
q∑
j=1
dj
mj
<
q − nD − 1
nDmD
.
Suppose that for each f ∈ F, there exist q moving hypersurfaces D1,f , . . . ,Dq,f
which are defined by homogeneous polynomials Q1,f , . . . , Qq,f ∈ HD[x0, . . . , xn]
with degree d1, . . . , dq respectively such that the following conditions are satisfied:
(i) For each 1 ≤ j ≤ q, the coefficients of the homogeneous polynomials Qj,f
are bounded above uniformly for all f in F on compact subsets of D. Set mD =
lcm(d1, . . . , dq), nD =
(n+mD
n
)
− 1, and Q∗j,f = Q
mD/dj
j,f . Suppose that Q
∗
j,f =∑nD
i=0 cij(f)ωi, (ωi = x
Ii) in HD[ω0, . . . , ωnD ] is moving linear form defines the
associated hyperplane H∗j,f of Dj,f (j = 1, . . . , q) and for any {fp} ⊂ F, and for
any fixed z ∈ D,
inf
p∈N
D(Q∗1,fp , . . . , Q
∗
q,fp)(z) > 0.
(ii) Assume that for each f ∈ F, f intersects Dj,f with multiplicity at least mj
for each 1 ≤ j ≤ q.
Then F is a holomorphically normal family on D.
Theorem 17. Let F be a family of meromorphic mappings of a domain D in
C
m into Pn(C). Let q ≥ 2nD + 1 be a positive integer. Suppose that for each
f ∈ F, there exist q moving hypersurfaces D1,f , . . . ,Dq,f which defined by homo-
geneous polynomials Q1,f , . . . , Qq,f ∈ HD[x0, . . . , xn] with degree d1, . . . , dq respec-
tively such that the following conditions are satisfied:
(i) For each 1 ≤ j ≤ q, the coefficients of the homogeneous polynomials Qj,f
are bounded above uniformly for all f in F on compact subsets of D. Set mD =
lcm(d1, . . . , dq), nD =
(
n+mD
n
)
− 1, and Q∗j,f = Q
mD/dj
j,f . Suppose that Q
∗
j,f =∑nD
i=0 cij(f)ωi, (ωi = x
Ii) in HD[ω0, . . . , ωnD ] is moving linear form defines the
associated hyperplane H∗j,f of Dj,f and for any {fp} ⊂ F, there exists z ∈ D
(which may depend on sequence) such that
inf
p∈N
D(Q∗1,fp , . . . , Q
∗
q,fp)(z) > 0.
(ii) For any fixed compact K of D, the 2(m − 1)-dimensional Lebesgue areas of
f−1(Dk,f )∩K (1 ≤ k ≤ nD +1) counting multiplicities are bounded above for all
f ∈ F (in particular, f(D) 6⊂ Dk,f (1 ≤ k ≤ nD + 1)).
(iii) There exists a nowhere dense analytic set S in D such that for any fixed
compact subset K of D− S, the 2(m− 1)-dimensional Lebesgue areas of
{z ∈ suppνQk,f (f˜) : νQk,f (f˜)(z) < mk} ∩K (nD + 2 ≤ k ≤ q)
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ignoring multiplicities for all f ∈ F are bounded above, where {mk}
q
k=nD+2
are
fixed positive integers or ∞ with
q∑
k=nD+2
dk
mk
<
q − nD − 1
nDmD
.
Then F is a quasi-normal family on D.
Theorem 18. Let S be an analytic subset of a domain D in Cm with dimC S ≤
m−2. Let f be a holomorphic mapping from D−S into Pn(C). Let D1, . . . ,Dq be
q (≥ 2nD + 1) moving hypersurfaces in P
n(C). Let Q∗j =
∑nD
i=0 dijωi, (ωi = x
Ii)
in HD[ω0, . . . , ωnD ] be moving linear form defines the associated hyperplane H
∗
j of
Dj such that for any z ∈ D :
D(Q∗1, . . . , Q
∗
q)(z) > 0,
and f intersects Dj on D − S with multiplicity at least mj (j = 1, . . . , q), where
m1, . . . ,mq are positive integers and may be ∞, with
∑q
j=1
dj
mj
<
q − nD − 1
nDmD
.
Then the holomorphic mapping f from D−S into Pn(C) extends to a holomorphic
mapping from D into Pn(C).
Theorem 19. Let S be an analytic subset of a domain D in Cm with codimension
one, whose singularities are normal crossings. Let f be a holomorphic mapping
from D − S into Pn(C). Let D1, . . . ,Dq be q (≥ 2nD + 1) moving hypersurfaces
in Pn(C). Let Q∗j =
∑nD
i=0 dijωi, (ωi = x
Ii) in HD[ω0, . . . , ωnD ] be moving linear
form defines the associated hyperplane H∗j of Dj such that for any z ∈ D :
D(Q∗1, . . . , Q
∗
q)(z) > 0,
and f(z) intersects Dj on D−S with multiplicity at least mj (j = 1, . . . , q), where
m1, . . . ,mq are positive integers and may be ∞, with
∑q
j=1
dj
mj
<
q − nD − 1
nDmD
.
Then the holomorphic mapping f from D−S into Pn(C) extends to a holomorphic
mapping from D into Pn(C).
Theorem 20. Let S be an analytic subset of a domain D in Cm with dimC S ≤
m−2. Let f be a holomorphic mapping from D−S into Pn(C). Suppose that there
exist n+1 moving hypersurfaces T0, . . . , Tn in P
n(C) of common degree which are
defined by homogeneous polynomial P0, . . . , Pn ∈ HD[x0, . . . , xn] respectively, and
that there exist q moving hypersurfaces D1, . . . ,Dq in
∼
S({Ti}
n
i=0) such that the
following conditions are satisfied:
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(i) Qj ∈ S({Pi}
n
i=0) is a homogeneous polynomial defined the Dj , and for any
z ∈ D,
D(Q1, . . . , Qq)(z) > 0.
(ii) Let m1, . . . ,mq be positive integers or ∞ such that
q∑
j=1
1
mj
<
q − n− 1
n
.
Assume that f intersects Dj with multiplicity at least mj for each 1 ≤ j ≤ q.
Then the holomorphic mapping f from D−S into Pn(C) extends to a holomor-
phic mapping from D into Pn(C).
Theorem 21. Let S be an analytic subset of a domain D in Cm with codi-
mension one, whose singularities are normal crossings. Let f be a holomorphic
mapping from D−S into Pn(C). Suppose that there exist n+1 moving hypersur-
faces T0, . . . , Tn in P
n(C) of common degree which are defined by homogeneous
polynomials P0, . . . , Pn ∈ HD[x0, . . . , xn] respectively, and that there exist q mov-
ing hypersurfaces D1, . . . ,Dq in
∼
S({Ti}
n
i=0) such that the following conditions are
satisfied:
(i) Qj ∈ S({Pi}
n
i=0) is a homogeneous polynomial defined the Dj , and for any
z ∈ D,
D(Q1, . . . , Qq)(z) > 0.
(ii) Let m1, . . . ,mq be positive integers or ∞ such that
q∑
j=1
1
mj
<
q − n− 1
n
.
Assume that f intersects Dj with multiplicity at least mj for each 1 ≤ j ≤ q.
Then the holomorphic mapping f from D−S into Pn(C) extends to a holomorphic
mapping from D into Pn(C).
Remark 22. (i) Our results cover the results due to Tu-Li [17, 18].
(ii) The result of Dethloff-Thai-Trang (Theorem 12) does not cover our result
(Theorem 16).
Finaly, we consider the case moving hypersurfaces in weakly general position
in Pn(C). We prove the results as follows:
Theorem 23. Let F be a family of holomorphic mappings of a domain D in Cm
into Pn(C). Let q ≥ nnD+2n+1 be a positive integer. Let m1, . . . ,mq be positive
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integers or ∞ such that
q∑
j=1
1
mj
<
q − n− (n− 1)(nD + 1)
nD(nD + 2)
.
Suppose that for each f ∈ F, there exist q moving hypersurfaces D1,f , . . . ,Dq,f
which are defined by homogeneous polynomials Q1,f , . . . , Qq,f ∈ HD[x0, . . . , xn]
with degree d1, . . . , dq respectively, such that the following conditions are satisfied:
(i) For each 1 ≤ j ≤ q, the coefficients of the homogeneous polynomials Qj,f are
bounded above uniformly for all f in F on compact subsets of D, and for any
{fp} ⊂ F, and for any fixed z ∈ D,
inf
p∈N
D(Q1,fp , . . . , Qq,fp)(z) > 0.
(ii) Assume that f intersects Dj,f with multiplicity at least mj for each 1 ≤ j ≤ q,
for all f ∈ F.
Then F is a holomorphically normal family on D.
Let Λl(S) denote the real l-dimensional Hausdorff measure of S ⊂ Cm. We
have the result as follows:
Theorem 24. Let F be a family of meromorphic mappings of a domain D in Cm
into Pn(C). Let q ≥ nnD + 2n + 1 be a positive integer. Suppose that for each
f ∈ F, there exist q moving hypersurfaces D1,f , . . . ,Dq,f which are defined by
homogeneous polynomials Q1,f , . . . , Qq,f ∈ HD[x0, . . . , xn] with degree d1, . . . , dq
respectively, such that the following conditions are satisfied:
(i) For each 1 ≤ j ≤ q, the coefficients of the homogeneous polynomials Qj,f are
bounded above uniformly for all f in F on compact subsets of D, and for any
{fp} ⊂ F, there exists z ∈ D (which may depend on sequence) such that
inf
p∈N
D(Q1,fp , . . . , Qq,fp)(z) > 0.
(ii) For any fixed compact K of D, the 2(m − 1)-dimensional Lebesgue areas of
f−1(Dk,f ) ∩K (1 ≤ k ≤ n + 1) counting multiplicities are bounded above for all
f ∈ F (in particular, f(D) 6⊂ Dk,f (1 ≤ k ≤ n+ 1)).
(iii) There exists a closed subset S in D with Λ2m−1(S) = 0 such that for any
fixed compact subset K of D− S, the 2(m− 1)-dimensional Lebesgue areas of
{z ∈ suppνQk,f (f˜) : νQk,f (f˜)(z) < mk} ∩K (n+ 2 ≤ k ≤ q)
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ignoring multiplicities for all f ∈ F are bounded above, where {mk}
q
k=n+2 are
fixed positive integers or ∞ with
q∑
k=n+2
1
mk
<
q − n− (n− 1)(nD + 1)
nD(nD + 2)
.
Then F is a meromorphicaly normal family on D.
Theorem 25. Let S be an analytic subset of a domain D in Cm with dimC S ≤
m−2. Let f be a holomorphic mapping from D−S into Pn(C). Let D1, . . . ,Dq be q
(≥ nnD+2n+1) moving hypersurfaces in P
n(C) which are defined by homogeneous
polynomials Q1, . . . , Qq ∈ HD[x0, . . . , xn] with degree d1, . . . , dq respectively such
that such that for any z ∈ D :
D(Q1, . . . , Qq)(z) > 0,
and f intersects Dj on D − S with multiplicity at least mj (j = 1, . . . , q), where
m1, . . . ,mq are positive integers and may be ∞, with
q∑
j=1
1
mj
<
q − n− (n− 1)(nD + 1)
nD(nD + 2)
.
Then the holomorphic mapping f from D−S into Pn(C) extends to a holomorphic
mapping from D into Pn(C).
Theorem 26. Let S be an analytic subset of a domain D in Cm with codi-
mension one, whose singularities are normal crossings. Let f be a holomor-
phic mapping from D − S into Pn(C). Let D1, . . . ,Dq be q (≥ nnD + 2n + 1)
moving hypersurfaces in Pn(C) which are defined by homogeneous polynomials
Q1, . . . , Qq ∈ HD[x0, . . . , xn] with degree d1, . . . , dq respectively such that for any
z ∈ D :
D(Q1, . . . , Qq)(z) > 0,
and f intersects Dj on D − S with multiplicity at least mj (j = 1, . . . , q), where
m1, . . . ,mq are positive integers and may be ∞, with
q∑
j=1
1
mj
<
q − n− (n− 1)(nD + 1)
nD(nD + 2)
.
Then the holomorphic mapping f from D−S into Pn(C) extends to a holomorphic
mapping from D into Pn(C)
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2. Some lemmas
In order to prove our results, we need some lemmas as follows:
Definition 27. [14] Let {Ai} be a sequence of closed subsets of D. It is said to
converge to a closed subset A of D if and only if A coincides with the set of all z
such that every neighborhood U of z intersects Ai for all but finitely many i and,
simultaneously, with the set of all z such that every U intersects Ai for infinitely
many i.
Lemma 1. [14] Let {Ni} be a sequence of pure (m − 1)-dimensional analytic
subsets of a domain D in Cm. If the 2(m − 1)- dimensional Lebesgue areas of
Ni ∩ K ignoring multiplicities (i = 1, 2, . . . ) are bounded above for any fixed
compact subset K of D, then {Ni} is normal in the sense of the convergence of
closed subsets in D.
Lemma 2. [14] Let {Ni} be a sequence of pure (m − 1)-dimensional analytic
subsets of a domain D in Cm. Assume that the 2(m − 1)-dimensional Lebesgue
areas of Ni ∩K ignoring multiplicities (i = 1, 2, . . . ) are bounded above for any
fixed compact subset K of D and that {Ni} converges to N as a sequence of closed
subsets of D. Then N is either empty or a pure (m − 1)-dimensional analytic
subset of D.
Lemma 3. [1] Let F be a family of holomorphic mappings of a domain D in
C
m into Pn(C). Then the family F is not normal on D if and only if there exist
a compact subset K0 ⊂ D and sequences {fp} ⊂ F, {zp} ⊂ K0, {rp} ⊂ R with
rp > 0 and rp → 0
+, and {up} ⊂ C
m which are unit vectors such that
gp(ξ) := fp(zp + rpupξ),
where ξ ∈ C such that zp+ rpupξ ∈ D, converges uniformly on compact subsets of
C to a nonconstant holomorphic map g of C to Pn(C).
Definition 28. Let Ω ⊂ Cm be a hyperbolic domain and let M be a complete
complex Hermittian manifold with metric ds2M . A holomorphic mapping f(z)
from Ω into M is said to be a normal holomorphic mapping from Ω into M if and
only if there exists a positive constant c such that for all z ∈ Ω and all ξ ∈ Tz(Ω),
|ds2M (f(z), df(z)(ξ))| ≤ cKΩ(z, ξ),
where df(z) is the mapping from Tz(Ω) into Tf(z)(M) induced by f andKΩ denote
the infinitesimal Kobayashi metric on Ω.
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Lemma 4. [18] Let f be a holomorphic mapping of a hyperbolic domain D in Cm
into Pn(C). Then f is not normal on D if and only if there exist {zp} ⊂ D, {rp}
with rp > 0 and rp → 0
+ and {up} ⊂ C
m Euclidean unit vectors such that
gp(ξ) := f(zp + rpupξ), ξ ∈ C,
where limp→∞
rp
d(zp,Cm \ D)
= 0 (where d(p, q) is the Euclidean distance between
p and q in Cm), converges uniformly on compact subsets of C to a non-constant
holomorphic mapping g of C to Pn(C).
Lemma 5. [3] Let natural numbers n and q ≥ n+ 1 be fixed. Let Dkp (1 ≤ k ≤
q, p ≥ 1) be moving hypersurfaces in Pn(C) such that the following conditions are
satisfied:
(i) For each 1 ≤ k ≤ q, p ≥ 1, the coefficients of the homogeneous polynomials
Qkp which define the Dkp are bounded above uniformly for all p ≥ 1 on compact
subsets of D.
(ii) There exists z0 ∈ D such that
inf
p∈N
{D(Q1p, . . . , Qqp)(z0)} > δ > 0
Then, we have the following:
(a) There exists a subsequence {jp} ⊂ N such that for 1 ≤ k ≤ q, Qkjp con-
verge uniformly on compact subsets of D to not identically zero homogeneous
polynomials Qk (meaning that the Qkjp and Qk are homogeneous polynomials in
HD[x0, . . . , xN ] of the same degree, and all their coefficients converge uniformly
on compact subsets of D). Moreover, we have that D(Q1, . . . , Qq)(z0) > δ > 0, the
hypersurfaces Q1(z0), . . . , Qq(z0) are located in general position, and the moving
hypersurfaces Q1(z), . . . , Qq(z) are located in (weakly) general position.
(b) There exist a subsequence {jp} ⊂ N and r = r(δ) > 0 such that
inf
p∈N
D(Q1jp , . . . , Qqjp)(z) >
δ
4
,∀z ∈ B(z0, r).
Lemma 6. [3] Let {fp} be a sequence of meromorphic mappings of a domain D
in Cm into Pn(C), and let S be a closed subset of D with Λ2m−1(S) = 0. Suppose
that {fp} meromorphically converges on D − S to a meromorphic mapping f of
D−S into Pn(C). Suppose that, for each fp, there exist n+1 moving hypersurfaces
D1,fp , . . . ,Dn+1,fp in P
n(C), where the moving hypersurfaces Di,fp may depend on
fp, such that the following three conditions are satisfied:
(i) For each 1 ≤ k ≤ n + 1, the coefficients of homogeneous polynomial Qk,fp
which define Dk,fp for all fp are bounded above uniformly for all p ≥ 1 on compact
subsets of D.
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(ii) There exists z0 ∈ D such that
inf
p≥1
D(Q1,fp , . . . , Qn+1,fp(z0)) > 0;
(iii) The 2(m − 1)-dimensional Lebesgue areas of (fp)
−1(Dk,fp) ∩ K (1 ≤ k ≤
n + 1, p ≥ 1) counting multiplicities are bounded above for any fixed compact
subset K of D.
Then we have the following:
(a) {fp} has a meromorphically convergent subsequence on D, and
(b) if, moreover, {fp} is a sequence of holomorphic mappings of a domain D in
C
m into Pn(C) and condition (iii) is sharpened to
fp(D) ∩Dk,fp = ∅ (1 ≤ k ≤ n+ 1, p ≥ 1),
then {fp} has a subsequence which converges uniformly on compact subsets of D
to a holomorphic mapping of D to Pn(C).
The following lemma is Picard type theorem in Nevanlinna-Cartan theory due
to Nochka:
Lemma 7. [8] Suppose that q ≥ 2n + 1 hyperplanes H1, . . . ,Hq are given in
general position in Pn(C) and that q positive integers (may be ∞) m1, . . . ,mq are
given such that
q∑
j=1
1
mj
<
q − n− 1
n
.
Then there does not exist a nonconstant holomorphic mapping f : C → Pn(C)
such that f intersects Hj with multiplicity at least mj (1 ≤ j ≤ q).
Lemma 8. [3] Let f = (f0 : · · · : fn) : C → P
n(C) be a holomorphic mapping,
and let {Pi}
n+1
i=0 be n+1 homogeneous polynomials in general position of common
degree in C[x0, . . . , xn]. Assume that
F = (F0 : · · · : Fn) : P
n(C)→ Pn(C)
is the mapping defined by
Fi(x) = Pi(x) (0 ≤ i ≤ n).
Then, F (f) is a constant map if and only if f is a constant map.
Lemma 9. [3] Let P0, . . . , Pn be n + 1 homogeneous polynomials of common
degree in C[x0, . . . , xn]. Also let {Qj}
q
j=1 (q ≥ n+1) be homogeneous polynomials
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in S({Pi}
n
i=0) such that
D(Q1, . . . , Qq)(z) =
∏
1≤j0<···<jn≤q
inf
||x||=1
(|Qj0(z)(x)|
2 + · · ·+ |Qjn(z)(x)|
2) > 0,
where Qj(z)(x) =
∑
|I|=dj
ajI(z)x
I and ||x|| = (
∑n
j=0 |xj |
2)1/2.
Then {Qj}
q
j=1 are located in general position in S({Pi}
n
i=0) and {Pi}
n
i=0 are
located in general position in Pn(C).
Lemma 10. [13] Let f be a meromorphic nonconstant mappings from Cm into
Pn(C). Let Di (i = 1, . . . , q), q ≥ nnD + n + 1 be slowly (with respective f)
moving hypersurfaces of Pn(C) in weakly general position which is defined by
homogeneous polynomials Qi ∈ HD[x0, . . . , xn] with degQi = di (i = 1, . . . , q). Set
mD = lcm(d1, . . . , dq) and nD =
(
n+mD
n
)
− 1. Assume that Qi(f˜) 6≡ 0 (1 ≤ i ≤ q),
then we have
‖
q − (n− 1)(nD + 1)
nD + 2
T (r, f) ≤
q∑
i=1
1
di
NnDf (r,Qi) + o(T (r, f)).
From Lemma 10, we get the Picard type theorem as follows:
Lemma 11. Let f be a meromorphic nonconstant mappings from Cm into Pn(C).
Let Di (i = 1, . . . , q), q ≥ nnD + n + 1 be slowly (with respective f) moving
hypersurfaces of Pn(C) in weakly general position which is defined by homogeneous
polynomials Qi ∈ HD[x0, . . . , xn] with degQi = di (i = 1, . . . , q). Set mD =
lcm(d1, . . . , dq) and nD =
(n+mD
n
)
− 1. Let m1, . . . ,mq be positive integers or ∞
such that
q∑
j=1
1
mj
<
q − n− (n− 1)(nD + 1)
nD(nD + 2)
.
Assume that Qj(f˜) 6≡ 0 (1 ≤ j ≤ q) and f intersects Dj with multiplicity at least
mj for each 1 ≤ j ≤ q, then f must be constant mapping.
Proof. Suppose that f is nonconstant meromorphic mapping. Then, by Lemma
10, we have
q − (n− 1)(nD + 1)
nnD + n+ 1
T (r, f) ≤
q∑
i=1
1
di
NnDf (r,Qi) + o(T (r, f))
≤
q∑
i=1
nD
di
N1f (r,Qi) + o(T (r, f))
≤
q∑
i=1
nD
dimi
Nf (r,Qi) + o(T (r, f)).
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Using First Main Theorem, we get(
q − (n− 1)(nD + 1)
nD + 2
−
q∑
i=1
nD
mi
)
T (r, f) ≤ o(T (r, f)).
Since
q∑
j=1
1
mj
<
q − n− (n− 1)(nD + 1)
nD(nD + 2)
,
then f is a constant map, it is a contradiction. We have completed the proof of
Lemma 11. 
3. Proof of Theorems
Proof of Theorem 16. Suppose that F is not normal on D. Then, by Lemma 3,
there exists a subsequence denoted by {fp} ⊂ F and z0 ∈ D, {zp}
∞
p=1 ⊂ D with
zp → z0, {rp} ⊂ (0,+∞) with rp → 0
+, and {up} ⊂ C
m, which are unit vectors,
such that gp(ξ) := fp(zp + rpupξ) converges uniformly on compact subsets of C
to a nonconstant holomorphic map g of C into Pn(C). Let
̺mD : P
n(C)→ PnD(C)
be the Veronese embedding of degree mD which is given by
̺mD(x) = (w0(x) : · · · : wnD(x)), where wj(x) = x
Ij , j = 0, . . . , nD.
For w = (w0 : · · · : wnD), we denote w = (w0, . . . , wnD). We see that Gp :=
ρmD(gp) converges uniformly on compact subsets of C to G := ρmD(g). By Lemma
5, Q∗jp = Q
mD/dj
jp := Q
mD/dj
j,fp
converge uniformaly on compact subset of D to
Q∗j , 1 ≤ j ≤ q, and
D(Q∗1, . . . , Q
∗
q)(z) > δ(z) > 0
for any fixed z ∈ D. In particular, the moving hyperplanes H∗1 , . . . ,H
∗
q defining
by moving linear forms Q∗1, . . . , Q
∗
q (respectively) are located in pointwise general
position in PnD(C). We recall that with writing both variables z ∈ D and w ∈
P
nD(C) we have
Q∗jp(z)(w)→ Q
∗
j(z)(w)
uniformly on compact subsets in the variable z ∈ D.
For any fixed ξ0 ∈ C, there exists a ball B(ξ0, r0) in C and an index i such that
g(B(ξ0, r0)) ⊂ {x ∈ P
n(C) : xi 6= 0}. Without loss of generality, we may assume
that i = 0. Therefore, there exist reduced representations
g˜p(ξ) = (1, g1p(ξ), . . . , gnp(ξ)), g˜(ξ) = (1, g1(ξ), . . . , gn(ξ))
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of gp and g on B(ξ0, r0). We have Gp = ρmD(gp) converges uniformly on compact
subsets of B(ξ0, r0) to G = ρmD(g). We denote G˜p and G˜ are reduced repre-
sentaion of Gp and G, respectively. This implies that Q
∗
jp(zp + rpupξ)(G˜p(ξ))
converges uniformly on compact subsets of C to Q∗j(z0)(G˜(ξ)). By Hurwitz’s
theorem, there exists a positive integer N0 such that Q
∗
jp(zp + rpupξ)(G˜p(ξ))
and Q∗j(z0)(G˜(ξ)) have the same number of zeros with counting multiplicities on
B(ξ0, r0) for each p ≥ N0.We have the map Gp of B(ξ0, r0) into P
nD(C) intersects
H∗jp with multiplicity at least
mD
dj
mj since fp intersects Dj with multiplicity at
least mj, where H
∗
jp is a associated hyperplane with moving linear form Q
∗
jp in
P
nD(C). Hence, G intersects H∗j (z0) with multiplicity at least
mD
dj
mj for each
1 ≤ j ≤ q. Since H∗1 (z0), . . . ,H
∗
q (z0) are in general position in P
nD(C). From
assumption,
q∑
j=1
dj
mj
<
q − nD − 1
nDmD
and apply Lemma 7, we get G is a constant holomorphic map. Then g is a
constant holomorphic map from C into Pn(C). This is a contradiction. Therefore,
F is holomorphically normal family on D. 
Proof of Theorem 17. By Lemma 5, Q∗jp = Q
mD/dj
jp := Q
mD/dj
j,fp
converge unifor-
maly on compact subset of D to Q∗j , 1 ≤ j ≤ q, and
D(Q∗1, . . . , Q
∗
q)(z) > δ(z0) > 0
for some z0 ∈ D. In particular, the moving hyperplanes H
∗
1 , . . . ,H
∗
q defining by
moving linear forms Q∗1, . . . , Q
∗
q (respectively) are located in weak general position
in PnD(C). We recall that with writing both variables z ∈ D and w ∈ PnD(C) we
have
Q∗jp(z)(w)→ Q
∗
j(z)(w)
uniformly on compact subsets in the variable z ∈ D. By Lemma 1 and Lemma 2,
after passing to a subsequence, we may assume that the sequence {fp} satisfies
f−1p (Dk,fp) = Sk (1 ≤ k ≤ nD + 1)
as a sequence of closed subsets of D, where Sk are either empty or pure (m− 1)-
dimensional analytic sets in D, and satisfies
lim
p→∞
{z ∈ suppνQk,fp(f˜p)
|νQk,fp(f˜p)
(z) < mk} − S = Sk (nD + 2 ≤ k ≤ q)(3.1)
as a sequence of closed subsets of D − S, where Sk are either empty or pure
(m− 1)-dimensional analytic sets in D− S.
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Let T = (. . . , tj , . . . ) (1 ≤ j ≤ q) be a family of variables. Set
∼
Q
∗
j =∑nD
j=0 tjwj ∈ Z[T,w]. For each L ⊂ {1, . . . , q} with |L| = nD + 1, take
∼
RL is
the resultant of
∼
Q
∗
j , j ∈ L. Since {Q
∗
j}j∈L are in weakly general position, then
∼
RL(. . . , cij , . . . ) 6≡ 0. We set
∼
S := {z ∈ D|
∼
RL(. . . , cij , . . . ) = 0 for some L ⊂ {1, . . . , q} with |L| = nD + 1}.
Let
E = (∪qk=1Sk ∪
∼
S)− S.(3.2)
Then E is either empty or a pure (m− 1)-dimensional analytic set in D− S. Fix
any point
z1 ∈ (D − S)− E.(3.3)
Choose a relatively compact neighborhood Uz1 of z1 in (D − S) − E. Then
{fp|Uz1} ⊂ Hol(Uz1 ,P
n(C)). We now prove that the family {fp|Uz1} is a holomor-
phically normal family. For this it is sufficient to show that the family {fp|Uz1}
satisfies all conditions of Theorem 16. Indeed, there exists N0 such that for all
p ≥ N0, {fp|Uz1} does not intersect withDj,fp, 1 ≤ j ≤ nD+1. From (3.1)-(3.3), we
have {fp|Uz1} intersect with Dj,fp with multiplicity at least mj (nD +2 ≤ j ≤ q).
For all z ∈ Uz1 , we have D(Q
∗
1, . . . , Q
∗
q)(z) > 0, if we take mj = ∞ for all
1 ≤ j ≤ nD + 1, then all conditions of Theorem 16 are satisfied. Thus, {fp|Uz1}
is a holomorphically normal family. By the usual diagonal argument, we can find
a subsequence (again denoted by {fp}) which converges uniformly on compact
subsets of (D − S)− E to a holomorphic mapping f of (D − S) − E into Pn(C).
Therefore {fp} is quasi-regular on D. Hence, F is a quasi-normal family. The
proof of Theorem 17 is completed. 
Proof Theorem 18 and Theorem 19. In order to prove these theorems, we need
some lemmas as follows:
Lemma 12. Let f be a holomorphic mapping from a bounded domain U in Cm
into Pn(C). Let D1, . . . ,Dq be q (≥ 2nD + 1) moving hypersurfaces in P
n(C).
Let Q∗j =
∑nD
i=0 dijωi, (ωi = x
Ii) in HD[ω0, . . . , ωnD ] be a homogeneous linearly
defines the associated hyperplane H∗j of Dj such that for any z ∈ U :
D(Q∗1, . . . , Q
∗
q)(z) > 0,
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and f intersects Dj on U with multiplicity at least mj (j = 1, . . . , q), where
m1, . . . ,mq are positive integers and may be ∞, with
∑q
j=1
dj
mj
<
q − nD − 1
nDmD
.
Then f is a normal holomorphic mapping from U into Pn(C).
Proof. Lemma 12 is proved similarly Theorem 16. Suppose that f is not normal
on U. Then, by Lemma 4, there exist {zp} ⊂ U, {rp} with rp > 0 and rp → 0
+
and {up} ⊂ C
m are Euclidean unit vectors such that
gp(ξ) := f(zp + rpupξ), ξ ∈ C,
where limp→∞
rp
d(zp,Cm \U)
= 0, converges uniformly on compact subsets of C
to a non-constant holomorphic mapping g of C to Pn(C). Since U compact, then
we may assume that zp → z0 ∈ U. We have Gp := ρmD (gp) converges uniformly
on compact subsets of C to G := ρmD(g). By assumption, we have
D(Q∗1, . . . , Q
∗
q)(z) > 0
for any z ∈ U. In particular, the moving hyperplanes H∗1 , . . . ,H
∗
q defining by
moving linear forms Q∗1, . . . , Q
∗
q (respectively) are located in pointwise general
position in PnD(C).
For any fixed ξ0 ∈ C, there exists a ball B(ξ0, r0) in C and an index i such that
g(B(ξ0, r0)) ⊂ {x ∈ P
n(C) : xi 6= 0}. Without loss of generality, we may assume
that i = 0. Therefore, there exist reduced representations
g˜p(ξ) = (1, g1p(ξ), . . . , gnp(ξ)), g˜(ξ) = (1, g1(ξ), . . . , gn(ξ))
of gp and g on B(ξ0, r0). We have Gp = ρmD (gp) converges uniformly on com-
pact subsets of B(ξ0, r0) to G = ρmD(g). This implies that Q
∗
j(zp+ rpupξ)(G˜p(ξ))
converges uniformly on compact subsets of C to Q∗j(z0)(G˜(ξ)). By Hurwitz’s the-
orem, there exists a positive integer N0 such that Q
∗
j(zp + rpupξ)(G˜p(ξ)) and
Q∗j(z0)(G˜(ξ)) have the same number of zeros with counting multiplicities on
B(ξ0, r0) for each p ≥ N0. We have the map Gp of B(ξ0, r0) into P
nD(C) inter-
sects H∗j with multiplicity at least
mD
dj
mj since f intersects Dj with multiplicity
at least mj. Hence, G intersects H
∗
j (z0) with multiplicity at least
mD
dj
mj for each
1 ≤ j ≤ q. Since H∗1 (z0), . . . ,H
∗
q (z0) are in general position in P
nD(C). From
assumption,
q∑
j=1
dj
mj
<
q − nD − 1
nDmD
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and apply Lemma 7, we get G is a constant holomorphic map. Then g is a
constant holomorphic map from C into Pn(C). This is a contradiction. Therefore,
f is a normal holomorphic mapping on U. 
Lemma 13. [10] Let M be a complex manifold and let S be a complex analytic
subset of M with codimS ≥ 2. Then KM−S = KM onM−S (i.e., the infinitesimal
Kobayashi metric KM−S is the restriction of KM to M − S).
Now we prove Theorem 18. Fix a point P0 ∈ S, take a bounded neighborhood
U of P0 in C
m (i.e., U is hyperbolic) with U ⊂ D. By Lemma 12, f is normal
holomorphic mapping from U −S into Pn(C). Thus by Defintion 28 and defintion
of the integral distance, there exists a positive constant c such that
dPn(C)(f(z), f(w)) ≤ cd
K
U−S(z, w)
for all z, w ∈ U − S, where dKU−S and dPn(C) denote the Kobayashi distance on
U −S and the Fubini-Study distance on Pn(C), resepctively. For any z0 ∈ U ∩S,
let {zi}
∞
i=1 be a sequence of points of U − S so as to converge to z0. By Lemma
13, we have
dPn(C)(f(zi), f(zj)) ≤ cd
K
U−S(zi, zj) = cd
K
U (zi, zj).
Then {f(zi)}
∞
i=1 is a Cauchy sequence of P
n(C) and hence {f(zi)}
∞
i=1 converges to
a point a0 ∈ P
n(C). Then f(z) has an extension h(z) on U so as to be holomorphic
on U −S and continuous on U and hence h(z) is holomorphic on U by Riemann’s
extension theorem. We have competed the proof of Theorem 18.
Next, we prove Theorem 19. Fix a point P0 ∈ S, take a bounded neighborhood
U of P0 in C
m with U ⊂ D. By Lemma 12, f is normal holomorphic mapping
from U−S into Pn(C). By assumption of Theorem 19, S is an analytic subset of a
domain U in Cm with codimension one, whose singularities are normal crossings.
Hence f(z) extends to a holomorphic mapping from U into Pn(C) by Theorem
2.3 in Joseph and Kwack [6]. We have finished the proof of Theorem 18. 
Proof Theorem 20 and Theorem 21. In order to prove these theorems, we need
some lemmas as follows:
Lemma 14. Let f be a holomorphic mapping from U into Pn(C). Suppose that
there exist n+1 moving hypersurfaces T0, . . . , Tn in P
n(C) of common degree which
are defined by homogeneous polynomials P0, . . . , Pn ∈ HD[x0, . . . , xn] respectively,
and that there exist q moving hypersurfaces D1, . . . ,Dq in
∼
S({Ti}
n
i=0) such that
the following conditions are satisfied:
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(i) Qj ∈ S({Pi}
n
i=0) is a homogeneous polynomial defined the Dj , and for any
z ∈ U,
D(Q1, . . . , Qq)(z) > 0.
(ii) Let m1, . . . ,mq be positive integers or ∞ such that
q∑
j=1
1
mj
<
q − n− 1
n
.
Assume that f intersects Dj with multiplicity at least mj for each 1 ≤ j ≤ q.
Then f is a normal holomorphic mapping from U into Pn(C).
Proof. Suppose that f is not normal on U. Then, by Lemma 4, there exist {zp} ⊂
U, {rp} with rp > 0 and rp → 0
+ and {up} ⊂ C
m are Euclidean unit vectors such
that
gp(ξ) := f(zp + rpupξ), ξ ∈ C,
where limp→∞
rp
d(zp,Cm \U)
= 0, converges uniformly on compact subsets of C
to a non-constant holomorphic mapping g of C to Pn(C). Since U compact, then
we may assume that zp → z0 ∈ U. We have Gp := F (gp) converges uniformly on
compact subsets of C to G := F (g), where
F : Pn(C)→ Pn(C)
is the mapping defined by
Fi(x) = Pi(x) (0 ≤ i ≤ n).
Furthermore, we can write Qj as follows
Qj =
n∑
i=0
bijPi, bij ∈ HU, j = 1, . . . , q.
Set
Hj = {x ∈ P
n(C)|
n∑
i=0
bijxj = 0}.
By Lemma 9, from
D(Q1, . . . , Qq)(z) > 0
for any z ∈ D, we have {Pi}
n
i=0 are in general position and {Qj}
q
j=1 are located
in general position in S({Pi}
n
i=0). This means that the hyperplanes {Hj}
q
j=1 are
located in general pointwise position in Pn(C).
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For any fixed ξ0 ∈ C, there exists a ball B(ξ0, r0) in C and an index i such that
g(B(ξ0, r0)) ⊂ {x ∈ P
n(C) : xi 6= 0}. Without loss of generality, we may assume
that i = 0. Therefore, there exist reduced representations
g˜p(ξ) = (1, g1p(ξ), . . . , gnp(ξ)), g˜(ξ) = (1, g1(ξ), . . . , gn(ξ))
of gp and g on B(ξ0, r0). We have Hj(zp + rpupξ)(G˜p(ξ)) converges uniformly
on compact subsets of C to Hj(z0)(G˜(ξ)). By Hurwitz’s theorem, there exists a
positive integer N0 such that Hj(zp + rpupξ)(G˜p(ξ)) and Hj(z0)(G˜(ξ)) have the
same number of zeros with counting multiplicities on B(ξ0, r0) for each p ≥ N0.
We have the map Gp of B(ξ0, r0) into P
nD(C) intersects Hj with multiplicity at
least mj since f intersects Dj with multiplicity at least mj . Hence, G intersects
Hj(z0) with multiplicity at least mj for each 1 ≤ j ≤ q. Since Hj(z0), . . . ,Hj(z0)
are in general position in Pn(C). From assumption,
q∑
j=1
1
mj
<
q − n− 1
n
and apply Lemma 7, we get G = F (g) is a constant holomorphic map. Then
g is a constant holomorphic map from C into Pn(C) by Lemma 8. This is a
contradiction. Therefore, f is a normal holomorphic mapping on U. 
Apply Lemma 14, we can prove Theorem 20 and Theorem 21 similarly as
Theorem 18 and Theorem 19. Hence, we omit them here.

Proof of Theorem 23. Suppose that F is not normal on D. Then, by Lemma 3,
there exists a subsequence denoted by {fp} ⊂ F and z0 ∈ D, {zp}
∞
p=1 ⊂ D with
zp → z0, {rp} ⊂ (0,+∞) with rp → 0
+, and {up} ⊂ C
m, which are unit vectors,
such that gp(ξ) := fp(zp + rpupξ) converges uniformly on compact subsets of C
to a nonconstant holomorphic map g of C into Pn(C). By Lemma 5, Qjp := Qj,fp
converge uniformaly on compact subset of D to Qj , 1 ≤ j ≤ q, and
D(Q1, . . . , Qq)(z) > δ(z) > 0
for any fixed z ∈ D. In particular, the moving hypersurfaces D1, . . . ,Dq defin-
ing by moving homogeneous polynomial Q1, . . . , Qq (respectively) are located in
pointwise general position in Pn(C). We recall that with writing both variables
z ∈ D and x ∈ Pn(C) we have
Qjp(z)(x)→ Qj(z)(x)
uniformly on compact subsets in the variable z ∈ D.
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For any fixed ξ0 ∈ C, there exists a ball B(ξ0, r0) in C and an index i such that
g(B(ξ0, r0)) ⊂ {x ∈ P
n(C) : xi 6= 0}. Without loss of generality, we may assume
that i = 0. Therefore, there exist reduced representations
g˜p(ξ) = (1, g1p(ξ), . . . , gnp(ξ)), g˜(ξ) = (1, g1(ξ), . . . , gn(ξ))
of gp and g on B(ξ0, r0). This implies that Qjp(zp + rpupξ)(g˜p(ξ)) converges uni-
formly on compact subsets of C to Qj(z0)(g˜(ξ)). By Hurwitz’s theorem, there
exists a positive integer N0 such that Qjp(zp + rpupξ)(g˜p(ξ)) and Qj(z0)(g˜(ξ))
have the same number of zeros with counting multiplicities on B(ξ0, r0) for each
p ≥ N0. We have the map gp of B(ξ0, r0) into P
n(C) intersects Qjp with multi-
plicity at least mj.
Now, we show that g is a constant mapping. Since Q1(z0), . . . , Qq(z0) are in
general position in Pn(C), then there are at most n hypersurfaces in the fam-
ily D1(z0), . . . ,Dq(z0) containing image of g. We denote I = {i ∈ {1, . . . , q} :
Qi(z0)(f) ≡ 0}. Therefore, we must have 0 ≤ |I| ≤ n. Note that q ≥ nnD+2n+1,
then q− |I| ≥ nnD + n+ 1. We see that g intersects with {Dj(z0)}j 6∈I with mul-
tiplicity at least mj, and∑
j 6∈I
1
mj
≤
q∑
j=1
1
mj
<
q − n− (n− 1)(nD + 1)
nD(nD + 2)
≤
q − |I| − (n− 1)(nD + 1)
nD(nD + 2)
.
Apply Lemma 11 for map g and hypersurfaces {Dj(z0)}j 6∈I , we get g is a constant
map. This is a contradiction. Therefore, F is holomorphically normal family on
D. 
Proof of Theorem 24. By Lemma 5, Qjp := Qj,fp converge uniformaly on compact
subset of D to Qj, 1 ≤ j ≤ q, and
D(Q1, . . . , Qq)(z) > δ(z0) > 0
for some z0 ∈ D. In particular, the moving hypersurfaces D1, . . . ,Dq defining by
moving homogeneous polynomial Q1, . . . , Qq (respectively) are located in weak
general position in Pn(C). We recall that with writing both variables z ∈ D and
x ∈ Pn(C) we have
Qjp(z)(x)→ Qj(z)(x)
uniformly on compact subsets in the variable z ∈ D. By Lemma 1 and Lemma 2,
after passing to a subsequence, we may assume that the sequence {fp} satisfies
f−1p (Dk,fp) = Sk (1 ≤ k ≤ n+ 1)
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as a sequence of closed subsets of D, where Sk are either empty or pure (m− 1)-
dimensional analytic sets in D, and satisfies
lim
p→∞
{z ∈ suppνQk,fp(f˜p)
|νQk,fp(f˜p)
(z) < mk} − S = Sk (n+ 2 ≤ k ≤ q)(3.4)
as a sequence of closed subsets of D − S, where Sk are either empty or pure
(m− 1)-dimensional analytic sets in D− S.
Let T = (. . . , tjI , . . . ) (1 ≤ j ≤ q, |I| = dj) be a family of variables. Set
∼
Qj =
∑
|Ij |=dj
tjIx
Ij ∈ Z[T,x]. Suppose that
Qj(x) = Qj(x0, . . . , xn) =
ndj∑
k=0
ekIj,kx
ikj,0
0 . . . x
ikj,n
n ,
where Ij,k = (ikj,0, . . . , ikj,n), |Ij,k| = dj for k = 0, . . . , ndj and ndj =
(n+dj
n
)
− 1.
For each L ⊂ {1, . . . , q} with |L| = n + 1, take
∼
RL is the resultant of
∼
Qj, j ∈ L.
Since {Qj}j∈L are in weakly general position, then
∼
RL(. . . , ekIj,k , . . . ) 6≡ 0 (see
[19], chapter 16). Set
∼
S := {z ∈ D|
∼
RL(. . . , ekIj,k , . . . ) = 0 for some L ⊂ {1, . . . , q} with |L| = n+ 1}.
Let
E = (∪qk=1Sk ∪
∼
S)− S.(3.5)
Then E is either empty or a pure (m− 1)-dimensional analytic set in D− S. Fix
any point
z1 ∈ (D − S)− E.(3.6)
Choose a relatively compact neighborhood Uz1 of z1 in (D − S) − E. Then
{fp|Uz1} ⊂ Hol(Uz1 ,P
n(C)). We now prove that the family {fp|Uz1} is a holomor-
phically normal family. For this it is sufficient to show that the family {fp|Uz1}
satisfies all conditions of Theorem 23. Indeed, there exists N0 such that for all
p ≥ N0, {fp|Uz1} does not intersect with Dj,fp , 1 ≤ j ≤ n+1. From (3.4)-(3.6), we
have {fp|Uz1} intersect with Dj,fp with multiplicity at least mj (n + 2 ≤ j ≤ q).
For all z ∈ Uz1 , we have D(Q1, . . . , Qq)(z) > 0, if we take mj = ∞ for all
1 ≤ j ≤ n + 1, then all conditions of Theorem 23 are satisfied. Thus, {fp|Uz1} is
a holomorphically normal family. By the usual diagonal argument, we can find
a subsequence (again denoted by {fp}) which converges uniformly on compact
subsets of (D−S)−E to a holomorphic mapping f of (D−S)−E into Pn(C). By
Lemma 6, {fp} is meromorphically convergent on D. Hence, F is meromorphicaly
normal family on D. The proof of Theorem 24 is completed. 
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Proof Theorem 25 and Theorem 26. In order to prove these theorems, we need
some lemmas as follows:
Lemma 15. Let f be a holomorphic mapping from a bounded domain U in Cm
into Pn(C). Let D = {D1, . . . ,Dq} be q (≥ nnD + 2n + 1) moving hypersurfaces
in Pn(C). Let Qj ∈ HD[x0, . . . , xn] be a homogeneous polynomial with degree dj
which is defined Dj such that for any z ∈ U :
D(Q1, . . . , Qq)(z) > 0,
and f(z) intersects Dj on U with multiplicity at least mj (j = 1, . . . , q), where
m1, . . . ,mq are positive integers and may be ∞, with
q∑
j=1
1
mj
<
q − n− (n− 1)(nD + 1)
nD(nD + 2)
.
Then f is a normal holomorphic mapping from U into Pn(C).
Proof. Lemma 15 is proved similarly Lemma 14. Suppose that f is not normal
on U. Then, by Lemma 4, there exist {zp} ⊂ U, {rp} with rp > 0 and rp → 0
+
and {up} ⊂ C
m are Euclidean unit vectors such that
gp(ξ) := f(zp + rpupξ), ξ ∈ C,
where limp→∞
rp
d(zp,Cm \U)
= 0, converges uniformly on compact subsets of C
to a non-constant holomorphic mapping g of C to Pn(C). Since U compact, then
we may assume that zp → z0 ∈ U. By assumption, we have
D(Q1, . . . , Qq)(z) > 0
for any z ∈ U. In particular, the moving hypersurfaces D1, . . . ,Dq defining by
moving homogeneous polynomials Q1, . . . , Qq (respectively) are located in point-
wise general position in Pn(C).
For any fixed ξ0 ∈ C, there exists a ball B(ξ0, r0) in C and an index i such that
g(B(ξ0, r0)) ⊂ {x ∈ P
n(C) : xi 6= 0}. Without loss of generality, we may assume
that i = 0. Therefore, there exist reduced representations
g˜p(ξ) = (1, g1p(ξ), . . . , gnp(ξ)), g˜(ξ) = (1, g1(ξ), . . . , gn(ξ))
of gp and g on B(ξ0, r0). This implies that Qj(zp + rpupξ)(g˜p(ξ)) converges uni-
formly on compact subsets of C to Qj(z0)(g˜(ξ)). By Hurwitz’s theorem, there
exists a positive integer N0 such that Qj(zp + rpupξ)(g˜p(ξ)) and Qj(z0)(g˜(ξ))
have the same number of zeros with counting multiplicities on B(ξ0, r0) for each
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p ≥ N0. We have the map gp of B(ξ0, r0) into P
n(C) intersects Dj(z0) with mul-
tiplicity at least mj since f intersects Dj with multiplicity at least mj. Since
D1(z0), . . . ,Dq(z0) are in general position in P
n(C). From assumption,
q∑
j=1
1
mj
<
q − n− (n− 1)(nD + 1)
nD(nD + 2)
.
and apply Lemma 11, we get g is a constant holomorphic map from C into Pn(C).
This is a contradiction. Therefore, f is a normal holomorphic mapping on U. 
Next, Theorem 25 and Theorem 26 are proved similarly Theorem 18 and The-
orem 19, we omit them at here. 
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